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ABSTRACT [ENGLISH/ANGLAIS]

In this paper, Numerical algorithm is adopted to solve strong coupled nonlinear system of
Ordinary Differential Equations. The research work aimed at obtaining series solutions to
boundary valued problems. This method shows an accurate and efficient technique in
comparison with numerical solutions. Adomian Decomposition method provides highly

precise semi analytical solution for strong nonlinear coupled differential equations.

Keywords: Adomian decomposition method, bvp4c, coupled ODE, numerical methods

Affiliations:

1 Mathematic and Statistics

Iree, NIGERIA

Federal University of Technology,
Akure, NIGERIA

Adresse de courriel pour la

RESUME [FRANCAIS/FRENCH]

Dans cet article, 'algorithme numérique est adopté pour résoudre un solide systeme non
linéaire ordinairement couplé a des équations différentielles. Les travaux de recherche visent a
obtenir des solutions de la série a la valeur limite des problemes. Cette méthode montre une
technique précise et efficace en comparaison avec les solutions numériques. La méthode de

décomposition Adomian fournit une solution semi analytique hautement précise pour les

solides, non linéaires, équations différentielles couplées.
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INTRODUCTION

Adomian decomposition method was introduced by G.
Adomian (1923-1996) and is one of a semi analytical
method for solving approximate (series) solutions for large
classes of nonlinear and linear differential equations.
Recently, classical ADM has been reported to be a very
good method for solving strong nonlinear mathematical
models. Since then, this method has been known as the
Adomian Decomposition method [1, 2]. The main goal of
this method is towards a unified theory for the solution of
linear and nonlinear, ordinary or partial differential
equations either initial and boundary value problems. The
technique is based on a decomposition of a solution of a
nonlinear operator equation in a series of functions. Al-
Khaled and Allan [3] implemented the Adomian method
for variable-depth shallow water equations with a source
term and illustrated the convergence numerically. A
comparative study between the ADM and the Sinc-

Galerkian method for solving population growth models
was performed by Al-Khaled [4]. Shawagfeh and Kaya [5]
carried out a comparative analysis between ADM and
Runge Kutta method for solving system of ordinary
differential equations. Wazwaz [6] developed a numerical
algorithm to approximate solution of higher-order
boundary value problems. Application of Chebyshev
polynomials to numerical implementation of the Adomian
decomposition method were discussed by Hosseini [7].
ADM has successfully been applied to many situations,
accuracy of ADM was applied to Lorenz system. Hashim
et al. [8], and Saha and Bera [9] used Adomian
Decomposition Method to give approximation solution to
extraordinary differential equation, and Dogan [10] solved
generalized nonlinear Boussinesq equations. Afrouzi [11]
applied ADM to solve reaction diffusion equation, [12]
solved Riccati differential using ADM and compared the

numerical result with exact solution. Adomian and Rach
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[13] used ADM to obtain the solution of algebraic
equations of quadratic, cubic and general higher order
polynomial equations and negative or non-integral powers
and random algebraic equations. Awangkechil and
Hashim [14] were among the first researchers to apply
ADM to solve 2 by 2 system of weak nonlinear ordinary
differential equations which was derived from free
convective boundary layer equation. Solution of problems
with boundary conditions involving a limit at infinity has
been a very difficult problem in solving boundary value
problems. In this work, bvp4c package on MATLAB is
used to determine the values at infinity. Adomian
Decomposition method is adopted to find closed form

semi analytical solutions to the first example.

ADOMIAN DECOMPOSITION METHOD

Considering a differential equation of the form

Lu+Ru+ Nu=g(x)

where L is the linear operator which is the highest order

derivative, RU is the remainder of linear operator

including derivatives of less order than L, Nu

represents the nonlinear terms and J is the source term.

Applying the inverse operator L™ and rearrangement
u=L"g(x)-L"'R(u) - L™"N(u)

L™ represent the inverted highest order operator L.

3
For Example, if L is the third derivatives L = d , then
dn®

L™ is three folds integration

nnn
operator L= J.J-j (*)dndndn . After integrating the
000

source term and combining it with the term and

combination with the term arising from given initial and
boundary conditions, a function f (X) = L’lg(x)
introduced

u=f(x)-L"R(u) - L"N(u)

The first three terms can be written as

u = _L_l(Ruo) - I—_l(Nuo)
= —L‘l(Rul) - L’l(Nul)
u, = _L_l(Run—l) - L_l(Nun—l)
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In ADM, Nu= z A, (Ug,U,,...,u,) and A are called
n=0

Adomian Polynomials and depend only on the

U components and make a rapid convergent series.

Nonlinearity term is written here in terms of Ah and

NU which need not even be analytic. The Adomian

polynomials is generated by

A (Ug, Uy,....U,) = {d/]n ZUAI} .

i=0

Semi analytical solution for the kth term approximation

is

k=1
ZUk where U = Limu,
i=0 N—e
1.1 Consider
3 2
d f3+3 d 1;—2ii =0 (1)
dn dn dn dn
2
d6’+3Prfﬁ—0 )
dn? dn

Subject to boundary conditions

f(0)=0, f(0)=0, f'(0)=0,

6(0) =1, 6(») =0 @3)
To solve the system of coupled ODEs, rearranging (1) and
(2) making the highest derivative to remain on RHS and

rewrite as
frr==-3ff "+2(f")* -4 )
=-3Prfé (5)
Adopting the standard procedure of ADM by introducing
L, = d° and L, = d’ with inverse
dn? dn?
nnn
operators |_11 * = J. J'J' (*)dndndn and
000

nn
L;l(*) = I I (*)drdr thus, equation (4) and (5) becomes
00

L, f =-3ff "+2(f)? -8 ©)
L,8=-3Prfo )
Applying the inverse operator on both sides of (6) and (7)
LULT)=-8GMF 2 ()2 -5 @
LY (L,0) =-3PrL;' fer )
Adomian decomposition method assumes that the
unknown function f (/7) and 5(/7) can be expressed by

an infinite series of the form
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f)=> fp="fo+f+..+f, and

m=0
67)=>.6,=6,+6,+..+6, (10)
m=0

The linear and nonlinear terms can be decomposed by an
infinite series of polynomials given by

Zm:Am:ﬁ”’ Z‘X’:Bm:(f.)z,

m=0 m=0

Y, =6, ¥ D, = f6 a
m=0 m=0

Where the components fm,ﬁm, An, Bm,Cm and Dm

will be determined recurrently. Also, A’n’ Bm,Cm and

Dm are the Adomian Polynomials which make a rapidly

convergent series. The Adomian polynomial is generated
by the following formula

1d —N| > uA (12)
n! dA = =0
The Exact solution is f (17) = Limz fm and
N m=0

O(7) =lim,_, > 6, .RHS of (8) and (9) becomes

LN(L )= (7)) - f©) —/f '(0)-% f(0)
L;'(L.6) = 6(7) - 6(0) —16'(0)

From (3), substitute f (0) =0, f '(O) =0, f "(O) =P
6(0)=16'0)=Q

2

L L) =1m)-"1P 03)
L3 (L,0) = 8(7) ~1-11Q (14)
Substitute (13) and (14) back into (8) and (9)
2

£(7) =’77 P - 3L ff 2L f 2-L0

6(n) =1+nQ-3L;' Prfe

The outcome equations can be decomposed down into
,72
fo(7) =5 Pand 6,(7) =1+/1Q

f (7)) =-3L"ff +2 f*-L1'0 (15)
.., =-3'Prfg (16)

Next step is to substitute all the Nonlinear and linear terms
into (15) and (16)

() =353 A, +2113 B, - LY C, @17
m=0 m=0 m=0

By = 3L, PrY D, (18)
m=0

Using Adomian polynomial formula (12) for M= Oland
2 on the series (17) and (18) Starting with when M = 0

A =T f,, A=ff +ff
A = f 6, + 8 +f,f,
B, = f,2, B, = 2f,'f,' and B, = 2f,' f "+,
C,=8, C,=6,mdC,=6,
D, =16, D =fg+f6
D, = f,0,'+ 1,6,'+ 1,6,
When m = 0 equations (17) and (18) becomes

f,(7) = -3L"A +2L'B, - L|'C, 19)
6,(n) =-3PrL,'D, (20)
Transforming the polynomials for a case when M= 0
d*f _n° .
=f——=LP
A=To dn? 2
2
df
B. = ~0| = 2|32
’ (dnJ 7
C,=6,=1+nQ
dg, n?
D, =f—2="p
° %dp 2 Q

Substituting the above polynomials into (19) and (20) and
introduce inverse operator
nnn

fu(7) = | | [ (-3A, +28, - Cy)dnddy

000

6,() = ﬁ(-SF’r Do) drdr

Then substituting all the polynomials above to yield

1 1 1
f.(n)=—P?n°-=n°*-—=n* 21
(1) =5 P =6 =2, Q (21)

1
6() = -5 PrPQn’ 22)

When m=1 equations (17) and (18) becomes
f,(7) =-2L;'A +2L'B, - L/'C, (23)
6,(n) = -3L; PrD, (24)

Transforming the polynomials

© Research | Reviews \ Publications, 2013 (0] )\
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d*f d2f, 11 7 2
:f 0+f 1= 5P3__ 4 P—— 3
A=h dp?  Odp? 120" 2a'l P3N
81:2f0'f1':2%%:i 5 3_EPQ,74_P 3
dndn 12 3
clzel=—%prpq,74
dg, dé 1 1
D:fio fil:_i 5P2P L 5P2 3
1= To a7 + 1df7 4/7 rQ+120,7 Q°Q

1 et
24,7Q 6,7

Substituting the above polynomials into (23) and (24) and
introduce inverse operator

nnn

f,07) = | [ (-3A +2B,-C,)drdndn

000
nn

6,(17) = j j ~ 3PrD, )dndn
00

Then substituting all the polynomlals above to yield

13
f.(7)=- =
(1) 4032( 100& PQn’

Q" PP-—~_ P ton P L 6+
Q' Teat Q7' Qn
When M= 2 equations (17) and (18) becomes

fa(7) =-3L'A, +2L'B, - L;'C,

PY® —PrP 7(25)
n°+ Teac TP

49(/7)—— PrQ/f(%)

(27)
6,(n7) =-3L,'PrD, (28)
Transforming the polynomials
2 2
A=t d? f2 f1d f21+f0d f22
dry dry dry
107 o0, 11 3 ,
=—" == P2Qp” Pre—— P?
& 1344( 84 Qo 28C 1
13 52,6 62 5 4
-—=Pp +— +— +—
36C g 48,7 Q 8,7 Q 6,7
2
g, = oo [(df;
dry df7 dry
23 8p4 2 7 1 2,,6
B, =25 p®p* + L p2Qp pr- L p
2= o2l T Taac O P
367 < +Ef75Q +1,74
__p2 pe-_L p PH—
s Qp PP s P P o

(0) 4 M\ © Research \ Reviews | Publications, 2013
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13
P Dz__P QPr 6 QP 4032(
+1—9PPrQ PQ/] Pr—~_pQY
56( 100¢

Substituting the above polynomials into (27) and (28) and
introduce inverse operator

nnn

f,7) = [ | | (-3A, +2B, - C, )dndndn

000
nn

6,(7) = [ [ - 3PrD,dndn
00

Then substituting all the polynomials above to yield

229 1 37
f - P4t — P20/ Pr?—
2 1330560 U 4032( Q7 120960(

1 1
P2 9 _ PZ 10 _
2016( 7 2240( Q7
1 1

QPry* 8062

1344(
1
H - P3 10 Pr3+
5(17) 280 Qn
13
+
120960
1 2 8
- P P —
12¢€ PQN 2419:

Using (10), for M= 0,1,2 and 3

P2Qn* Pr

12096( PrQ’n

Q7" - 7257¢ 725727

P3Q,710 PrZ

480(

P*Qn* Pr-

——PPr’Q®
1344( Q7

PPrQ<n°®

1 1
f =7 P - - 3_7 4
(1) + 12C n°pP 6/7 /7 Q
13 ona, 1
-—_ %P +—n'PQ+—— PP
4032(,7 1OOE,7 Q+ 168( TPQ

229 114 1 10p2, 2
+ P*———n"PQPr-
1330560 . aozzac! T QFf

1 92 l 10p2
+——nNP ———=nPQ-
2016("7 224007 T Q
1

 1344C

37
120960(

PI’QZI79

P?Qn™ Pr

12096(

QPrp®+

Qn® (29)

806¢ 7257( 7°Q*

- _l 1
6(n)=1+7Q - ~PrPQn* * 2
1

l 2,,6
~ Togc PIQN Pre o P +—Pr
1680 Qn’ 24c Q7 Qn®

PZQ,77

1 1
-~ PQn° Pr+——— P%Qn" Pr?
48C R asoc”
13 9
+——"__ pQppr-
1200600~ 27 1344(

_E PQn°P

PPr:Q%n9

PPrQn® (30)
P and 8'(0) =Q is

~ 2410;

calculated using bvp4c on MATLAB with the following
code

P°7°Q
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function dfdeta = Codel(eta,f, Pr)
Pr=0.72;
dfdeta = [f(2)
f(3)
-3Ff (1) *f(3)+2*f(2)*f(2)-f(4)
f(5)
-3*Pr*f(1)*f(5)];

end
function res = Code2(f0, finf)
res = [f0O(1)
fo(2)
finf(2)
fo(4)-1
finf(4)];
end

>> solinit = bvpinit(linspace(0,10,100),[0
0010]);

>> sol = bvp4c(@odel, @ode2,solinit);

>> sol .y

This produced the resultas f "'(0) = P = 0.6760and
5'(0) = Q = —-0.5046. substituting P, Qand
Pr = 0.72into (29) and (30)
f (17) = 033872 +0.003808133337° - 0.16667°
0.02102%* - 0.000009994230%°

-0.0004845920967" + 0.00001833782367™
+0.000003594805227*

+0.000017643%9896)° (31)

6(r7) =1- 0.504867 + 0.03069986 4017
~0.002035781@67" +0.0007638638007°
~0.009082%° +0.0001031700607"°

0.0001312646787° +0.001381493807° (32)
Figure 1 and 2 shows graphical solution of f '(l]) against

1) and 6(1) against 17
1.2 Also consider the following coupled system of two
ordinary differential equations of first order which shall be

solve using Adomian decomposition method

% =t”Sin(x) + €'Cos(y) (31)

dy =2tx+¢e’ 32)

Subject to initial conditions
X(0) =1land y(0) =-1 (33)
t
Herel, =L, = % likewise LIl = L;l = J-(*) dt Implies
0
dx dy
that L, X = Eand Ly= E

Applying inverse operator on both sides of (31) and (32)
L (L)) = L(t*Sin(x) + L' (€Cos(y)) (9
L(Ly) = L @)+ L) (35)
The Adomian decomposition method assumes that the
unknown function X(t) and Y(t) can be expressed by an

infinite series of the form

X(t) = D Xy =% + X X ot X,

m=0
YO =D Y= Yot VitY, ot Y, (36)
m=0

Linear and nonlinear terms can be decomposed by an

infinite series of polynomials given by

00

DA, =sin(x) i B,, = cos(y)

m=0

iCm:x0 iDm:ey (37)
m=0 m=0

Where the components, An, Bm,Cm, Dm Xpand Y, will

be determined recurrently. Also, An, Bm,Cm, Dm are the
Adomian Polynomials which make a rapidly convergent
series. The Adomian polynomial is generated by the

following formula (12).The Exact solution is
n n
X(t) =Lim) X, and y(t) =Lim>_y,
N e m=0 n- e m=0

L (LX) = x(t) = x(0), L' (Ly) = y(t) - y(0) @8

Substitute (33) into (38)

(L) =x) -1 L(Ly) =y®)+1 @9
Substituting (39) into (34) and (35)
X(t) =1+ L (t*Sin(x)) + L (€'Cos(y)) (40)
y(t) = -1+ L (2x) + () (1)
Equation (40) and (41) can be separated into

X =1 and Yy, =-1
And
X = LL(E2SING0) + LA (ECoS(y))
Vi = LT (2X) + L' (€Y)

Next step is to substitute all the Nonlinear and linear terms

Xone1 = Lll(tzi A,)+ L i B.) (42)

Yo = 12D C) + 51D D) (43)
m=0 m=0

© Research \ Reviews \ Publications, 2013 (0] )\
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Using the Adomian polynomial formula (12) for
M= 0land 2 on the series (42) and (43)
Starting with when m=0
% =L(t°A) + L'(€B,) (44)
y, = L5 (2C)) + LY(D,) (45)

Using (12) to generate the Adomian polynomials
A, =sin(x,) =sin() B, =cos(y,) =cos1)
C,=% =1 D,=€e” =¢*

Substituting back into equations (44) and (45). Introduce

inverse operator

t t
X, = J.(tzAb +€B, Jdt and y, = [(2tC, + D)
0

X, = %te‘sin(l) —cos() + €' cos()

y, =t*+cosQ)e™
When M =1 equations (42) and (43) becomes
X, = L(t°A) + L'(€B)
Y, = L;l (2tC)) + L;l(Dl)
Using (12) to generate the Adomian polynomials

A =% Cos()

A= §t3 cos()sin() — cos() + € cos() cos()

(46)

(47)

Bl = _ylsin(yo)
B, = -sin(-1)t* - sin(-) cos@)e™
C =X, D, = y,e”

= %tssin(l) - cos() + €' cos()

= 1\2
Dl:t2e1+(e 1) t
Substituting the above polynomials into (46) and (47) and

introduce inverse operator

t t

x, = [(t2A +€B)dtand y, = [ (2tC, + D, )t
0 0

Then substituting all the polynomials above to yield

X, = —2cos()’ +1—18t2 sin() cos() + cos()*te'

—2cos()’te' +2cos()’e' —%t3 cos()?

+esin() — 2sin@) - sin@)e'™* + 2sin()e'
+sin() sin@)e' ™t - 2sin@)te' +sin@)e't?

OPEN © Research | Reviews | Publications,
ACCESS
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y, =2cos() +1—255in(1)t5 —t? cos() + 2cos()te'

- 2¢€' cos() +%e‘1t3 +%e‘1t2

For M= 01 and 2 in equation (36)

X(t) =1+ %sin(l)t3 —cos() + €' cos() — 2(cos())?

+ 1_18t6 sin@) cos() + (cos())’t%e' — 2(cos@))’t%€'

+2(cos@))’e' —%t3 (cos))? +e™ sin(2)

- 2sin(l) —sin@)e'™ + 2sin(1)é
+sin@)e' ™t — 2sin()€e't +sin@)e't?

y(t) = -1+ +te™ + 2cos() +1—25t2sin(1)

—t?cos(l) + 2cos)te' — 2€' cos()

+%e‘1t3 +%(e‘1)2t2

Table 1: This table shows Comparative analysis of f ’(eta)
between ADM and Numerical Method

eta

0
0.2
0.4
0.6
0.8

1
1.2
1.4
1.6

f'(eta)

0
0.1159
0.1963
0.2461
0.2708
0.2759
0.2668
0.2481
0.2237

Numerical

f(eta) AD error f'(eta)
Method ADM-NUM|
0 0
0.1159 0
0.1963 0
0.2461 0
0.2708 0
0.2761 0.0002
0.2675 0.0007
0.2512 0.0031
0.2356 0.0119

Figure 1: This figure shows Comparative analysis of f
’(eta) between ADM and Numerical Method

f'(eta)

0.35

0.3r

0.25¢

0.2¢

0.15¢

0.1r

0.05F

+

e
ﬁ” H‘ﬁr
>,

T+l

+  Numerical Method
— — AD Method

I
0.8
eta

I
0.6

I
1.4 1.6
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Table 2: This table shows Comparative analysis of theta
(eta) between ADM and Numerical Method

0(eta) 0(eta) AD error 0(eta)
Numerical method |[ADM-NUM|
0 1 1 0
0.2 0.8991 0.8991 0
0.4 0.7989 0.7989 0
0.6 0.7005 0.7005 0
0.8 0.6059 0.6059 0
1 0.5168 0.5171 0.0003
1.2 0.435 0.4364 0.0014
14 0.3615 0.3676 0.0061
1.6 0.297 0.3184 0.0214

Figure 2: This figure shows Comparative analysis of
theta(eta) between ADM and Numerical Method

W
Sy
0.9- NJRJF i
Ry
0.8r *x i
*y
0.7+ S.\‘F +  Numerical Method il
+ — — AD Method
< +\k
°
+

% 0.61 S g
£ S,

0.5- \~$\+ i

et
Ry
0.4 + i
4\"+}

A
0.3r +1
02 L L L L L L L

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

Table 3: This table shows Comparative analysis of x(t)
between ADM and Numerical Method

x(t)-
Numerical x(t)-AD error x(t)
Method Method |ADM—NU M|
0 1 1 0

0.1 1.0591 1.059069557 3.0443E-05
0.2 1.1318 1.131687662 0.000112338
0.3 12244 1.223845854 0.000554146
0.4 1.3438 1.342769849 0.001030151
0.5 1.4977 1.497194555 0.000505445
0.6 1.6915 1.697695741 0.006195741
0.7 1.9231 1.957084244 0.033984244
0.8 2.1707 2.290869491 0.120169491
0.9 2.3727 2.717800055 0.345100055

Figure 3: This figure shows Comparative analysis of x(t)

between ADM and Numerical Method
2.8

——x(t)-Numerical
Method
x(t)-AD Method

0 0.2 0.4 0.6 0.8 1

Table 4: This table shows Comparative analysis of y(t)
between ADM and Numerical Method

y(t)-

Numerical y(t)-AD error y(t)

Method Method |[ADM-NUM|
0 -1 -1 0

0.1 -0.952 -0.952037554 3.7554E-05
0.2 -0.8791 -0.879590734 0.000490734
0.3 -0.7765 -0.779049681 0.002549681
0.4 -0.6375 -0.646111764 0.008611764
0.5 -0.4518 -0.475587799 0.023787799
0.6 -0.2047 -0.261200503 0.056500503
0.7 0.1261 0.004625783 0.121474217
0.8 0.5752 0.330985207 -0.244214793
0.9 1.206 0.728721582 -0.477278418

Figure 4: This figure shows Comparative analysis of y(t)

between ADM and Numerical Method

0.9 A

0.4 -

=

=

T T T T

-0.1 ¢ 01 02 03 04

-0.6 ol —4—y(t)}-Numerical
Method
y(t)-AD Method

11
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CONCLUSION

From the above solutions, Adomian Decomposition has
been successfully adopted to solve strong nonlinear
boundary differential equations. It's obvious that Adomian
Decomposition method can handle such kind of highly
nonlinear differential equation. Solutions of ADM are
compared with numerical method which excellent
convergent (See Fig 1, 2, 3 and 4). From the solutions
above, it should be noted that increase in the value of
independent value is resulting to a gradual increase in
error despite the accelerated in the convergence of ADM
solution. As discussed earlier ADM have an easy
computational and highly convergent system to solve
either linear or nonlinear problems of the real world
without assumptions on changing the essential nonlinear
nature. The main advantage of Adomian decomposition
method is that it can be applied directly for all types of
differential and integral equations, linear or nonlinear,
constant
Another

homogeneous or inhomogeneous, with
coefficients or with variable coefficients.
important advantage is that the method is capable of
greatly reducing the size of computation work while still

maintaining high accuracy of the numerical solution.
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